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omputation of flows around a Karman-Trefftz profile*)

.J.A. Mol

BSTRACT

In this report we consider the stationary Navier-Stokes equations in
- ¢ formulation. The equations are discretized with I1'in's method and

ewton-linearized. Each linear system is solved by the multigrid method.

I1'in's method induces artificial viscosity, especially in regions with
arge 2nd derivatives of the vorticity (e.g. in boundary layers). To reduce
his artificial viscosity mesh refinement is applied in those regions.

The flows in a square cavity and around a cylinder are computed. These
re test problems for a more practical problem: the flow around a Karman-—

refftz profile, which is also computed.

'EY WORDS & PHRASES: Il'in's method, Newton linearization, multigrid method,

mesh refinement

) This report will be submitted for publication elsewhere. '
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INTRODUCTION

In MOL [5] a multigrid method is proposed which is efficient and robust
e. the method is not only fast for the Poisson equation but also for the
isotropic diffusion and convection diffusion equations for small values of
e perturbation parameter.

This multigrid method, from now on called MULGRI uses 7-point ILU de-
mposition as smoothing operator, Galerkin approximation as coarse grid
erator, 7-point prolongation and restriction, 1 coarse grid correction,

. smoothing before and 1 smoothing step after correction. More theoretical
-guments for the choice of these parameters and operators can be found in
L [6].

MULGRI is also efficient for problems with variable coefficients and
m-linear problems (see MOL [4]1). In all these cases the number of opera-
ons is O(N), with N the number of grid points. The number of operations
st 0.1 reduction of the residual is 19N. for the Poisson equation. This
mber is even smaller, when we exploit the fact that the coefficients in
1e Poisson case are constant.

Two flow problems are solved by MULGRI in MOL [71]: the stationary
iwvier-Stokes equations in a square cavity and around a cylinder. MULGRI is
lso efficient and robust for these problems.

In this report we go into the problem of solving the stationary Navier-
tokes equations more extensively. We also look at flows around a slender
>dy with mesh refinement.

In chapter 2 the stationary Navier-Stokes equations are considered in
- ¢ formulation. The equations are discretized with I1'in's method and the
iscretized system is Newton linearized. The stream function and vorticity
quations are solved simultaneously after application of conform mapping and
esh refinement.

In chapter 3 MULGRI is adapted to the 2 variables case.

In chapter 4 and 5 the flows in a square cavity and around a cylinder
re computed respectively.

In chapter 6 and 7 we compute the flow around a Karman-Trefftz profile
ith mesh refinement in boundary layer and wake. By choosing a suitable mesh

efinement the artificial viscosities are reduced for large Reynolds numbers.




2. THE NAVIER-STOKES EQUATIONS

2.1. Coordinate transformations

Consider the Navier—Stokes (NS) equations in w - ¢ form

A V= w
}{y *
(2.1.1) (x,y) € Q
a(ll),u)) = L
3(y,x) Re xy
3. 32 3(Y,0) _ 3P dw _ dw 3w
vith A, = — + — and 2 = — - — —. Re is
Xy aX2 8y2 d(y,x) 0y 9x  9x 9y

:he Reynolds number of the problem.

2 coordinate transformations are applied: a conformal t

2" = g'(x,y) and n' = n'(x,y) and a coordinate stretching &

1 = n(n'"). The NS-equations after these transformations are:

2 (a3 L N
A 3% (A ag) + B 3% (B an) Mw
2.1.2) (&,

ap 2a0) Loy B ) B0y, p 2 (gduy,

9(n,&) Re 14 3E on 14
7rith
L (@EL2, 282,
M= {(aX )T+ (3y )"}
2.1.3)
_de o _dn
A = & B an'

'hese equations represent the most general form of the NS-eq

‘eport. @ will be the square Q = (0,H) x (0,H), H ¢ R.

'.2. Discretization

. . Y 5
System (2.1.2) is discretized on a rectangular grid @,

miform mesh size in both directions:

n:

rmatio

) and

s in t

has




0(1)22,

o = t(gonp) lgg = @rDh, ny = GHDB,

i =om2h
2.2.1)

h = H/(ZE + 2)

(0,H) v (H,H)

(0,0) ' (H,0)

Figure 2.2.1 Grid 93 (the dots) and the boundary points

893 (the crosses)

‘ote that QK lies a distance h within the boundary 3Q of Q. This is because
he boundary conditions of the NS-equations are substituted in the difference

cheme. The boundary conditions are discretized in the grid points:

o]

2et = (@n)In, = Gedh,  § = 0120
2t = (g, = G+Dn, 1= 01)2%)

2.2.2)  {ags = (On)In; = G+DB, = o2h
aszf = {(é;i,O)[g].L = (i+1)h, i = 0(1)2£}
a0 = a0t v saf v aab v aet

1 2 3 4

The 2nd derivative of y in £-direction is discretized by central

lifferences:




2.2.3)

V. V. .
~ |1 i+1,] 1 1 i-1,]
iy S e S LR S W L P L
%€y, by By By By L3 by
rith
» __h b i o_n
2.2.4) By = s by =g, B =2
1-3 1+; 1

he 2nd derivative of y in

n-direction is approximated by:

V. . V. .
) oY ~ 1 1,j+1 1 1 i,j-1
2.2.5) B— (B0, .= — {5 - (—+ — .. + -2}
) on” 'i . h. h. h. i h.
ith
h h - h
2.2.6) h =—=——, h, = — h, = — ,
-1 B. B. ’ B.
e

J

he 2nd derivatives of w are discretized in the same way. The first deriva-
ives of Y are approximated by:

a2 |zl Vi ger
% 15,3 oh. 1]
2.2.7) t
3y ~ Y501 T Y541 des
B an 3 - bl —_— ai J °
i3 2h, ,

1e first derivatives of

31):

w are discretized with I1'in's method (see I1'in

W, L) -0. . . LW, .
a2 o 00, Wiy 57 5) + (oo DGy “i-1,3
% 153 2h,
«2.8)
T s B 1S N e UM B UC R e Rt
] . . =
n 1,] 2hj
th a. . and B. .
i,j i

the Il'in coefficients:
’ .




, 1 Re max(h. .,h.),
r _ i-1"7"1
055 = T cothlyy sa; o) F oo 3 Yy 5 T 7
9 E Yi’j i’j ’J
2.2.9) <
1 Re max(h._l,h.)
B, ;= = coth(8; .b, ) +g—p—— 3 & ;= 5 - 1.
3 23 71,] i,iPi,3 23

scause of this discretization artificial viscosity terms

o, .a. .h, 2 B. .b. .h.
_ 1,3 1,31 (AZ 9 ;) and - —t2d 1,7 ] (BZ ) g )
2 oL 2 on

2.2,10)

re added in the right hand side of the vorticity equation of (2.1.2). The

eason why Il'in discretization has been applied is as follows. Our multi-

rid method does not work if the matrix is not almost weakly diagonal domi-
ant. This means that for Re >> 1 some form of artificial viscosity must be
pplied. In order to secure the existence of a Frechet derivative*) of the
onlinear system of discretized equations the artificial viscosity must be
smooth function of the coefficients. Il'in discretization serves this

urpose; classical upwind differencing would not do.

The discretized NS-equations (2.1.2) are:

(p. .v. . + P. LU, .+ D, . A 0 DR
pl,le,J p1+1,3w1+1,3 Pl-l,le—l,J P1,J+1 i,j+1

2.2.11 + P. . . . .+ Q. .0. . =
) 7 1,J"1w1,3‘1 ql,le,J

. oWw., .+ . LW ., + . . R . . . .
F1,5%,5 7 Tie1,3%41,3 7 Ti-1,3%-1,5 7 Ti, 410,540

+ =0

i,5-1%1, 31

ith

©)

For the Newton process, see section 2.3.
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‘ 1,3 Re h. h.
1 J
P. . (1-a. .)a. .
r. . = 1_1’J - 1,] 1,]
i-1,] Re 2h.
i
P. . 1+a, .)a. .
. _ Paeng o, 0508
i+1,] Re 2h.
i
P. . 1-8. .)b. .
r = l’J_l - ( Bl,J.) 1,]
i j-1 Re 2h.
]
P. . 1+8. .)b.
r I Pl S ( Bl,J) 1,1 |
‘i, j+1 Re 2}_13

'«3. Linearization and simultaneous solution

The vorticity equation in (2.2.11) is non-linear. Methods to solve the
ion-linear NS equations can be classified in 3 groups:

. Time-dependent methods. A time derivative is added and the problem is
treated as an initial-value problem. As time becomes large, the desired
state is approached (see ROACHE [8]).

'« Picard-iteration. These are methods generating a sequence of linear
equations with constant coefficients. Each system of equations can be
solved by a Fast Poisson Solver (see ROACHE [9] and [101]).

). Newton-iteration. At each Newton step a linear system with variable
coefficients has to be solved. Suitable iterative methods to solve such
systems are the multigrid methods.

The last method offers good prospects. v. ASSELT [1] compares efficien-

ies of method 1 with those of method 3 applied to a Burgers-like equation

ith a small perturbation parameter. Method 3 appears to be most efficient




>r this problem

Method 3 is also more efficient than method 2 when they are ap
> the NS-equations with large Reynolds numbers (see WESSELING [13]

Another property of (2.2.11) is that we have 2 equations with
jowns (stream function and vorticity) in each point of the grid. T
sthods 1 and 2 these equations are solved sequentially. When the p
as a no-slip boundary condition the time and Picard processes are
sually a relaxation parameter is added in the no-slip boundary con
at it is difficult to get the optimal value of this parameter. The
athod 3 is applied with simultaneous solution of the streamfunctio
orticity equations.

Newton linearization of (2.2.11) gives:

u+l u+l1 u+1
. . . R . +D. RU) . . . L.
Pi,i%,5 * Pien,iVien, g P Pi-1,%i1,5 T P, in YL e
: u+l u+1
+PpP. . . . + . olw.e . =
pl,J—l 1’.]—1 1,] 1,]
2.3.1) {r¥ wu+1 + rh wU+l + wu+1 + rh wu+1
T i’j 1’j i+1’j i+]sj i_lsj i—l’j i’j+1 i’j+1
u u+l uo utl u u+l u u+l
L. ., + 8. .. . + s, R . + s, R
1,3-1“1,3-1 Sl,le,J i+1,371i+1,] i-1,3 1-1,
U ut+l u ut+l
., + s, . . .
L + Si,j+1 i,j+1 1,3-171,3-1
ith
[ ! u C; j u u
= . . = — = 2 . = - . =
1,5 70 Sia1,3 T TSio,5 T on ¢ Si,i+1 T T%4,5-1
1
o At U u !
1+ . + B.".6. .b, .)(w. . - w. .
Moo= - (85,5 " P1,3%,5 1,105,501 7 %%,5) -
1,] 2h.
J
u ! u u o
1-8% . - Bg!'".S8. .b. D(w: . - w. .
_ ( Bl,J 1,7 1,3 1,] ( i,] i,j-1
2hj
2.3.2) {




) H .u U M H
, 1+a. . + - w. .
FL ( i,j ° %,3%i,] 1,J>( itl,] i,j) +
1,] %h
H Ui H
H o! H
l-a. . - a. We . = W, .
+ ( 1] :JYl’J 133)( 1,7 1—193)
2h.
i
et .= al Lat L -t LML
1,] 1,] 1,] 1,1 1,]
Y . and bu . are the velocities, o . and B . the Il'in coefficients,
}ﬁJ 1,] 1,]
be

i and Bl“j the derivatives of the Il1'in coefficients in the uth Newton
5 5

itep. For the derivation of (2.3.1) and (2.3.2) see appendix A.

«4. The no-slip boundary condition

In many flow problems we encounter a no-slip boundary condition defined

<
5 3

N

e
2.4.1) (E,n) € 3

R e ]

(i-1,3)
a0

Figure 2.4.1.

(1,3)

4

[}

o
SINNNN NN

aylor expansion of ¢ in point (i,j) gives:

2 3
3 h 4
24.2) Wy L= +h3‘§ -2- ; T——B‘E C 40,
’ ’ i-1,j 13 i-1,] 13 i-1,j
2
. = Y . . = 0 according to (2.4.1), while 3y . (——)
i-1,] 08 |1-1,] Bg2 i-1,] A i-1,]

ccordlng to the stream function equation in (2.1.2). The 3rd derivative of

is equal to:

3

2_4.3) .QJE = é%.(a_%) = g% d@ﬂ) =
dE i-1,] dE i-1,] A" i-1,]
oy M
2 2




ierefore, (2.4.2) becomes:

2 2
h .
b= BA LMy oMy soa®) -
1,1 A® i-1,j AT i,j AT i-1,j
)
-.4.4) 32 ¥l2
_ i-l __i 4
=3 M)y g M)y v 0.

je vorticity in a point at the wall is approximated by:

1 3 Ei
2.4.5) W,y 2 % {— Y, . - —— M. .0, .}.
i-1,] Mi1,; hi—] i,] Zhi—] i,371,]

ibstituting this boundary condition in the equations (2.3.1) gives:

_ oM,
L T S LT R
1,31 1,] 252 M i-1,]
i-1%i-1,3
2.4.6) ﬁ
S"”l = 3 ru P
T 1,] =2 M i-1,]
i-1Mi-1, 3

5. Scaling of the equations

Equations (2.3.1) can be written in the following form:

2.5.1) Au = £,

1ith -
‘AII ALl u,| fll
T S T
Ayy Ao ) £,
A11= l .oo.-pi’j_ltooooopi_l’j Pi’j Pi+1’j-...-Pi,j+1...
A12= l ......'......'..‘.....‘...qi’j.'.....'......'-".....

2.5.2) 7
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A21 et Si -1ttt Sio1,j Si,j Si+1,j"""si,j+1"""l
A22 l"'rl,j-l""'ri—l,j ri,j ri+l,j"""ri,j+l"""I
u = Iwi’jl s £ = 0]

L u, = lwl’jl 3 £, = Itl’Jl .

The equations are scaled as follows. The rows of A,. and A2 are multi-

21 2

plicated with Re. The columns of A]2 and A22 are multiplicated with a scal-
ing factor Sq° Finally, all rows are multiplicated with a factor such that
we have 4 in the maindiagonal of A.

The factor sO is chosen as follows:

2
(20503) SO= ho’

where hO is the smallest mesh size on the no-slip wall(s) in normal direc-
tion.

All coefficients of A are 0(1) except

Mhi o wh
— bl 3
(2.5.4) qij = 0( % R 5 )

and s; ; in the no-slip boundary points:
H]

VO T by
(2.5.3) 83 5= OG— s §o, .o ) -
1,] 11,] hiMi,J .
Special cases are:
a) Mi,j > w0, qi,j + o (e.g. large distances from a profile)
b) Mi,j »+ 0, Si,j + o (e.g. in the neighbourhood of a sharp trailing
edge of a profile)
c) h0 » 0, qi,j + = (strong stretching of coordinates at the no-slip

boundary).

The submatrices A]1 and A22 are diagonal dominant because of the Il'in




lscretization (2.2.8). A., and A,, may contain L

21 22
1ich the system may be unstable. In chapter 6 am

in cope with this problem by cutting off the coe

, THE MULTIGRID METHOD FOR 2 VARIABLES

,1. Multigrid operators

Let a set of grid functions Uﬂ corresponding

2 defined by:

3.1.1) UL = {u£:{1(1)2} X Q£ + R} .

gstem (2.5.1) is denoted now by:

3.1.2)  abdb - fz,

ith Ag:UK > Uz. The multigrid method uses a hier
rids Qk, k = £-1(-1)1:

k _ _ s L-k _
3.1.3) Q = {(Eimj)lii = (i2 +1h, nj = (

i=0¢(

h is the mesh size of the finest grid QK), and c

unctions Uk, k = £-1(-1)1, defined by (3.1.1) wi
. k ﬂ-kh, ' . k

esh sizes of @ are 2 , hence the grids @ ar

et us be given

restriction operators: R.k:Uk > k-1

. k k-1 k
prolongation operators: P :U > U
coarse grid operators: Ak_I:Uk_] > Uk_1
approximate inverses: Bk:Uk > Uk

he multigrid program MULGRI can be described in

sefficients, by
shall see that we

nts q; i and si i
9 2

e grid Qz (2.2.1)

of computational

+1)h,
i =012
onding sets of gri

eplaced by k. The

ser as k gets smal

1ne

‘Algol as follows:
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(1) rﬁ := fﬂ - Azdz;

(2) for k := £(-1)2 do r* ! := R¥:
Tl by
for k := 2(1)£ do
(3) begin e = P
(&) ek i= (Ik—BkAk)ek + Bkr
end
£ L 2

(5) u i=u o+ e

In order to describe the operators we

in MOL [5]. A set of ordered pairs i = (i1

k . .. .
(3.1.4) N" = {i= (11,12) € lel,Z = 0(

Furthermore, we define the set J:
(3.1.5) J={j= (31,32) € ZIJI,Z = 0,

For uk € Uk the value of the oth unknown 1
k
u .
ol
The matrix-vector multiplication is d

k k k k
3.1.6 A . = A .. .
( ) (A" . BZI sz ogij Yp,i+

The prolongation Pk and the restricti

EETh = T e u!
a jEZ J J
(3.1.7) l
k k k-1
R . = t. ..
(R™u )al sz 5 U, 2i

tj is a 9-point weighting operator:

le data struc

ned:

11 ‘be

denote

1,2.

as fol

1,2.

1,2.




(T i = (0,0
%' J = (1,0), (0’1), (_
3.1.8) t, = ﬁ
J 1 :
16 j=((,1), (-1,1), €
L O jéa.

The coarse grid operator Ak—l is the Galerki

<l RkAkPk and is computed as follows:

k-1 _ k
3.1.9) AaBij = 4 E g £, Aas,zi+u’v+2j_utv

u,velz

9p—APINV and 9p-ILU are used as smoothing op

iverse Bk of the APINV-process is computed as fo

¢ 2
) BkBi. AE 17 smt = s~ 0s
B=1 jeJ ap1] 5Ys1%]557] oy
3.1.10) {
k -
L Bogij =0

is the Kronecker delta. The Lk and Uk for the I

elation:

kK R"
B0 L L T Vyieg,eng T avis

he range of the indices j, B and s-j at a given

n the following table.

At the 2-variable problems, which are considere
ith 9-point multigrid operators appear to be mor
ith 7-point multigrid operators. In MOL [5] it i
ariable cases the opposite is true.

13

(Oa"l)

s (l,_l)

oximation

€ Nk—l, jed,

B =1,2.

*
s ). The approximate

N, s € J, a,Y 1,2,

k

N, j¢J, a,B 1,2.

cess satisfy the

Nk, s € J, a,y = 1,2,

lation o,y is defined

his report, MULGRI
cient than MULGRI
n that in several 1




aly [ 8 [ 3 s=]

1] 1 1 I

1|2 1 -

2 |1 1 Jr
- +

2 | 21,2 3,3 (3,3

Table 3.1.1 Ranges of B, j, s—] at a given a,y
3 = {(0,0),(1,0),(-1,1),(0,1),(1,1)}
{(050)’(—190),(13_1)a(0’—1)’(—13_1)}

J

Jk and Uk are constructed by a standard LU-decomposition algorithm writing
tero outside a prescribed non-zero pattern. The rows of Ak, which correspond
7ith points of the grid Qk, are arranged in the order (0,0),(1,0),(2,0),...
L 25,0),00,1), (1,1, (2,1) e eee, 25,10, 0000 00,25, (1,25, ... (2%,25) . The
:onstruction of the 9p-ILU d-composition is illustrated in figure 3.1.1. The
lots denote the places where ILU-corrections take place, the stars the places

there the rest matrix RE = LkUk - Ak has elements # 0.

}.2. Computational complexity of one multigrid iteration -

Consider the quasi-Algol program of MULGRI described in section 3.1.
[n step (1) we have to compute the residual on the finest grid. In MOL [5]
ls described how this can be done very efficiently by using the rest matrix.
[n examples with only 1 variable the rest matrix contains 2 diagonals for a
y=point Ak and a 7p—ILU. In this 2 variables case the rest matrix contains
1:any diagonals. It appears more efficient to compute f2 - Aguﬂ directly.

In table 3.2.1 the numberé of operations per point on a grid Qk for
‘he different parts of program MULGRI are given. We assume that the sub-
k

. k k . . k
nlatrices A]l’ A21 and A22 are 5-point matrices and A12

:orresponding to (2.5.2). As smoothing process 9p-ILU is used.

a diagonal matrix

For the computation of the total number of operations on all levels
some work is neglected: savings near the boundaries and the work on the
:oarsest grid. The coarse grid matrices A?j’ k = £-1(-1)1 are 9 point

ratrices. For convenience, we assume that these coarse grid matrices




\\
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part of MULGRT number. of operations
per point
rk—1:=erk 29
ek:=Pkek—l 4
ek:=(Ik-BkAk)ek+Bkrk 90
rk:=fk—A.kuk
kkk} 34
u :=u +e

Table 3.2.1 Number of operations per point for the
different parts of MULGRT

.ave the same point structure as the submatrices Af. on the finest
Suppose the number of points on the finest grid is N(=0(4£)).
arge the total work W of one iteration with MULGRI is

step (1) + step (5) : 34 N 'operations
step (2) : 7%' "
step (3) : 5% "
step (4) : 120N "
1 iteration step T W= ]66%—N "

he preliminary work before the multigrid process is:

computation Lk,Uk, k = £(-1)2 ¢ 252 N operations.

computation RkAkPk, k = £(-1)2 : 328 N "

he total preliminary work is about 3.5 W.

. THE SQUARE CAVITY FLOW

Consider the NS-equations (2.1.2) with:

4.1) A=B=M=1,
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alid in the unit square with sizes H = 1.

39, —

”
7 ”
;’ ’” n
4 Sy
7 L
7 ’
-

30, A Q Yan
3/ o 1
g L
A ”

L’
: L
4
7 s
7777 777 A7
19}
4

Figure 4.1. Square cavity
'he boundary conditions are
42 p=0, Loy,
on
rith g = 0 on 891, 393, 394 and g = 1 on 3Q,.

The multigrid iterations are terminated when the maximum of the diff-

srence between two iterands is smaller than 10—6

4.3) l(uﬂ)(v+1) _ (uﬂ)(v)l < 10—6.

'urthermore, the average reduction factor is defined:

2 vt (vy) /v,

(4.4) r = (L2 - 2“) y L vy #o,
2. (1 0
LD - whH O
vith Vo the smallest integer such that (4.3) holds. The Newton iterations

ire terminated if
(4.5) LB @D o (B <o,

Experiments have been made for Reynolds numbers Re = 10,50,150. At




e = 10 we start with the zero solution, at the other ' ds numbers w
:he solution of the preceding lower Reynolds numbers. ' 4.1 gives th
cesults for MULGRI with APINV and table 4.2 for MULGRI ILU as smoot
»perator.,
Re h vél) véz) vé3) r;;) rég) rij)
10 1/6 7 4 0.14]|0.15
1/10 12 5 0.32{0.27
1/18 13 5 0.35(0.26
1/34 13 5 0.36,0.25
50 1/6 9 7 {2 {0,19(0.20(0.18
1/10 14 | 10 | 3 ]0.35;0.32|0.23
1/18 16 | 11 3 70.39(0.36|0.30
1/34 16 | 11 | 3 ]0.39{0.34(0.20
150 | 1/6 11 9 { 4 10.28|0.23|0.22
1/10 15 | 12 | 6 [0.37/0.38{0.36
1/18 15 | 13 | 5 [0.37|0.40]0.30
1/34 16 | 13 | 4 ]0.38{0.39(|0.26
Table 4.1. Results MULGRT (with APINV) applied to juare cavity
flow
véU): number of multigrid iteratioms : Newton step
r(U)' average reduction factor in uth a step‘

av °
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PR RGN RCRRC
10 |1/6 | 4 | 2 0.027(0.026
1/10] 5 | 2 0.059(0.033
/18] 5 | 2 0.056|0.034
1/34] 5 | 2 0.056(0.034
50 [1/6 | 5 | 4 | 2 0.031]0.042|0.049
/10l 5 | 4 |1 lo.052]0.061]0.056
1718 6 | 4 | 2 [0.082]0.056|0.051
1/34] 6 | 4 | 2 l0.083{0.062[0.052
150{1/6 | 7 |6 | 3 |0.099[0.092]0.079
1/10 6 | 5 | 3 l0.083|0.084|0.078
1718 6 | 5 | 3 |0.080]0.083|0.064
1736 6 |5 | 2 lo.081]0.082{0.063

Table 4.2. Results MULGRI (with ILU) applied to the square

cavity flow. For legenda see table 4.1.

ote that MULGRI with ILU is about 2 times faster than MULGRI with
Because the computational complexity of 1 APINV step is larger than

mplexity of 1 ILU step, MULGRI with ILU is more efficient. From now

. apply only the last method.

‘e remark that the number of multigrid iterations does not increase as
and is insensitive to changes induced by Newton iterationm.

‘urthermore, the number of multigrid iterations is comparible:with

f the Poisson equation (4 iterations at mesh size h = 1/18 and the

‘ermination criterium).

it large Reynolds numbers the multigrid process diverges. The reason

it as Re > = the discretization at the walls becomes so skew that the

iry conditions do not have influence. Therefore, mesh refinement is

sary in the boundary layers. This is not applied here because the

s cavity problem is only a test problem and does not have physical

-ance.
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). THE FLOW AROUND A CYLINDER

We consider the steady 2D flow of an incompressible viscous flow about
1 circular cylinder. The origin is at the centre of the circular cross-—
section of the cylinder with positive x-axis in the direction of the inci-
lent uniform flow at infinity. The radius R of the cylinder and the speed V
f the free stream flow are used as the units of length and speed respect-—
.vely, to introduce dimensionless variables. The non-dimensional situation
-s given in figure 5.1, where the flow field is bounded by a large circle

7ith radius e" = 23.14.

el A0
3%,
™
=
" o 20, Q Clof
1
——————— > > £
* 3%, m

Figure 5.1. Flow region cylinder mapped on a square.
'his flow field is mapped by the inverse transformation of
€ g€

5.1) X = e’cos 1, y = e’sin n,

m a square Q with size H = 7 in the (&,n)-plane. The transformed NS-equa-

:ions are (2.1.2) with
5.2) A=B=1, M=e ~,
'he Reynolds number is defined by

‘5.3) Re = —\)—,
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jere v is the coefficient of kinematic viscosity of the fluid.

The grid QK (2.2.1) in the (£,n)-plane has uniform mesh size. The
>rresponding grid in the (x,y)-plane has uniform mesh size in angular
irection and in radial direction a mesh size which is small in the neigh-
surhood of the cylinder and is growing larger away from the cylinder.

The boundary conditions are:

= gi= |
5.4) w=19=0 (€,n) € 39,, 32,
w=0, ¢= egsin n (€,n) € 8ﬂlw

he same termination criteria are used as in the square cavity case. The

esults with MULGRI (with ILU) are presented in table 5.1.

w v P T [

10 |n/6 | 7 5 1 {0.140{0.110;0.034
n/10] 7 5 1 0.139{0.120{0.053
/18| 7 5 1 {0.141{0.119{0.064
/34| 8 5 1 |0.170|0.100/0.029

50 {w/6 | 8 | 5 1 ]0.178{0.106{0.042
/10| 8 6 2 |0.180{0.150{0.063
/18| 8 6 3 10.175{0.1530.068
m/34| 8 6 3 ]0.185|0.1540.092

150 |n/6 | 8 7 4 10.180{0.201!0.105
/10| 8 6 4 10.185|0.160/0.105
/18| 8 7 4 10.186{0.20010.108
/34| 8 7 4 ]0.187{0.195{0.110

Table 5.1. Results MULGRI applied to the flow around a cylinder.
For legenda see table 4.1.

The average reduction factors are greater than in the square cavity

rase, but they are still insemsitive to h and to changes in the coefficients
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induced by Newton iteration. A reason for the slower convergence of MULGRI
is due to the big coefficients q.’. in the coefficient matrix (1 < Mi i <

< 536 in the points (Ei’ni) e QT u BQZ). In order to test the solutio;s
obtained by MULGRI applied on this cylinder problem, we compute some specific
quantities at some Reynolds numbers and compare these results with those of
other authors. The friction drag coefficient CP and the pressure drag co-

efficient Cf are defined as follows:

T

; _ 2 .

Cf = e J w sin n dn
0

(5.5) J
7
_ =2 3w .

_Cp = R J 5% sin n dg

0

[he pressure in the leading edge of the cylinder is:

- .

- _ 1 dw _  ~du = -1 23y

(5.6) p(m) = f Re an U ag)dg’ u € on
0

ind in the trailing edge of the cylinder:

m
(5.7  p(0) = p(m) + fi‘g%‘g—da
0

Tor the derivation of these quantities see appendix B. In table 5.2 the
juantities are presented for several Re-numbers and compared with results

>f other authors.

5. THE SYMMETRIC FLOW AROUND A KARMAN-TREFFTZ PROFILE

We consider the 2D-flow around a Karman-Trefftz profile with thickness
:, a trailing edge angle (2-k)w, camber y and length 2£. The angle of in-
cidence of the free stream flow is zero. The flow field in the upper half
plane and bounded by a contour is mapped on the region around a cylinder,
which we considered in the preceding chapter. The last region is mapped on

1 square with size H = 7.




yurce of Reynolds number
lata 1 ‘ 5 7 10 20 40 70 100
Friktion drag coefficient Cf

MO 6.382|1.982|1.562|1.208|0.743{0.489|0.335]|0.265

DC - 1.91711.553{1.246|0.812;0.52410.360(0.282

TK - - - - - - - -

TO 6.94112.183|1.757|1.402{0.903|0.5800.405|0.322

Pressure drag coefficient Cp

MO 6.482|2.255|1.861{1.527(1.136|1.028|0.880|0.710

DC - 12.199]1.868[1.600|1.23310.9980.85210.774

TK - - - - - - - -

TO 7.07212.478(2.092|1.775|1.350|1.095{0.956|0.882
Drag coefficient Cd = Cf + Cp

MO 12.869{4.236(3.423|2.735|1.879({1.517|1.215{0.975

DC - |4.11613.42112.846(2.045{1.522|1.212;1.056

TK 10.109 - 3.303(2.800|2.013|1.536 - -

TO 14.013/4.66113.849|3.177(2.253|1.675{1.361|1.204
Pressure leading edge p(m)

MO 4,536(1.897{1.667{1.483{1.223|1.107|1.065|1.047

DC - 1.87211.660!1.48911.269{1.144|1.085;1.060

K 3.905 - 1.637|1.474(1.,261(1.141 - -

TO 5.501|2.225{1.959|1.744|1.457|1.312|1.269[1.255
Pressure trailing edge p(0)

MO 3,732{1.111{0.885[0.713|0.570/0.498{0.420{0.390

DC - 1.044{0.87010.742|0.589{0.509{0.439;0.393

K 2.719{ - [0.783|0.670|0.537{0.512 - -

TO 3,.547/1.081/0.906{0.773|0.614;0.543{0.493]0.453

Table 5.2. Comparison with other authors
0: results with MULGRI (with h = w/18), DC: DENNLS and CHANG
K: TAKAMI and KELLER [11], TO: TUANN and OLSON [12].
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Figure 6.1. Flow region Karman-Trefftz p:

square.

The (conform) transformations of the regions are

the (E,ﬁ) plane:

aeg cos 1n

|
I

(6.1)

= aeg sin 7

31
l

and from (E,ﬁ)—plane to the (x,y)-plane:

(6.2) z = £(2) z=x+iy, 7-=¢E

with

k-1
IR )
m”
(ZVI‘YZ)
-k

i

(6.3) £(g) = ——— + L

(T-Tpra(i-yP-e) !

= a(Vl—yz—iy) .

Cr

Jur choice for the parameters of the profile is:

N

to
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6.4) e = 0.05, k=1.99, y=0, £=2.
'he transformed NS-equations are (2.1.2) with
'6.5) A=B=1, M=a’|£@]|%%".

'he boundary conditions are (5.4). The termination criteria for the Newton

ind multigrid processes are the same as in the square cavity case.

| L [

10 |w/6 | 6 5 3 |0.120{0.096;0.070
m/10| 6 6 3 10.128;0.126{0.092
m/18| 6 5 3 |0.130/0.115;0.091

50 |n/6 | 6 5 3 (0.137{0.142{0.126
w/10| 6 4 2 |0.176|0.148;0.134
m/18| 6 4 2 ]10.143;0.1380.133

Table 6.1. Results MULGRI applied to the
flow around a Karman-Trefftz

profile. For legenda see table 4.1.

For mesh size h = m/18 (£ = 3) we have to cut off the coefficients q; ; in
H
the coefficient matrix AK in the points where we can expect that the

vorticity is zero:

(6.6) qi,j 1= CO'qi,j i=2 AJ =2 ,
with cy @ coefficient such that the resulting qij = 0(10). When this cutt-
ing is omitted, MULGRI diverges, probably because the coefficients qi,j and
Si,' are too large with regard to the other coefficients in the matrix A",
(See (2.5.4) and (2.5.5) and the fact that [£'(z)| = 0 in the trailing edge,
|f'(£)| =1 at inf%?ity,za = 1.0568 therefore 0 < Mi,j < 600 in the grid-
points (Ei,nj) e QU 3 ),

From table 6.1 it can be concluded that the numbers of multigrid itera-




are smaller than in the cylinder case and they are insensitive to h
langes in the coefficients induced by Newton iteration.
n figure 6.2 and 6.3 the vorticity (multiplicated with 100) for Re =
.h = 7/10 is given around the Karman-Trefftz profile. We distinguish
dary layer and a wake. These are the regions where Iw [ > 0.5.10 2.
ysical boundary layer has a thickness 0(1//Re) and the phy81ca1 wake
le O(l//Re). In point i = 2, j = 4 of the grid QZ the boundary layer
ut 16/YRe and in the point i = 8, j = 1 the wake angle is about

So the physical boundary layer is not well represented.
n the figures 6.4 and 6.5 we look at the order of magnitude of the

ing quantities:

0. .a. .
i,j i
2

1

quantities are only defined in the boundary layer and the wake. They
ent the ratio of the artificial viscosity terms (2.2.10) induced by

'in upwind discretization and the viscosity terms in the NS equations
). In the region with vorticity is zero, it doesn't matter how large

tificial viscosities

o. .a. .h. g. .b. .h.
1,3 1,1 g Led 153 ]
2 2
rom the figures it can be concluded that we have to choose smaller
izes Ei and Ej in the boundary layer and the wake. ‘

n figure 6.6 the vorticity on the profile is given for Re = 50 and
18.
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7. MESH REFINEMENT

In the preceding section we have seen that mesh r ent is necessary
in the boundary layer and in the wake. The following s ing functions

are chosen:

' 3¢
JS cole' + ¢ tanh(?—)}
(7.1) bo

l

3n'. 4
do{n' + d1 tanh(ﬁg—o}

bo
vith constants cy» dO’ c and d1:
= - ! - ! : = '"___._—
¢ Vl(ﬂ E’-bo) Ebo ? o 3
(7.2) tan h (ET' )
. . - bo
dp = Vol =my ) = ngg 3 do = 3
tan h (= )
nbo
;éo and néo are bounds of the numerical boundary layer he numerical
vake respectively. V1 is the ratio of coordinate lines e/outside the
>oundary layer and V2 the same ratio for the wake.
g
A
™
7,
'd
"
0
0 m >

|
E:bo
Figure 7.1. Stretching function £ = £(£') with v, = 1.
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'he mesh size is equidistant outside the numerical boundary layer. At no-
11ip boundaries the coefficients ng (2.4.6) may be large because

L. -_h is small. Therefore we choose:
i-1 Ai_] .

'7.3) h. ., = h.

it the no-slip boundary.

~ ~ : 2 &'
h. h.
1i-1 i

Figure 7.2. Equidistance at a no-slip boundary

fhe NS equations around the Karman-Trefftz profile after mesh refinement

are (2.1.2) with

_ dg _ dn _ 2 -2 2¢'
(7.4) A= o B=gr» M=a £ () |“e™> .
‘or a certain Reynolds number Re and a mesh size h the coefficients q; 5
. . ya £ Co?
ire large in regions Vh,Re'C Q" u 99 (because of large Mi ; and small SN

’ L
see (2.5.4)) and in the neighbourhood of the trailing edge Sh Re c Q£ u o
9

(because of small Mi," see (2.5.5)). In these regions we have to cut off
1.’. and Si,' analogous to (6.6), because otherwise MULGRI would diverge.
lhis cutting is justifiable because the vozticity is nearly zero in Vﬁ,Re
and the streamfunction is nearly zero in Sh,Re'

In table 7.2 the results are presented for the stretching Vl = V2 =1
and Eéo =1, ngo = 1/4., In all cases we have to cut off the coefficients

g. . and s. ..
1,] 1,]
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Re | b [vD L@, @) .3
010 0 av av av
10 |n/6 | 7 | 6 | 2 [0.250{0.241{0.210
/10 7 | 5 | 3 {0.253|0.180|0.233
/18] 7 | 6 | 2 [0.268[0.219{0.190
50 |n/6 | 7 {5 | 2 |0.240/0.205|0.198
/10| 7 | 6 | 3 |0.258/0.280{0.240
/18| 7 5 2 (0.249(0.210{0.248

Table 7.1. Results MULGRI applied to the flow around a
Karman Trefftz profile with mesh refinement
V] v, 1, Ebo 1, "o /4. For legenda

see table 4.1,

The numbers of iterations in each Newton step are about the same as in
:he case of no mesh refinement. They are still insensitive to changes in h
ind to changes in the coefficients induced by Newton iteration.

The figures 7.3, 7.4, 7.5 and 7.6 show the vorticity (multiplicated
7ith a factor 100) around the Karman Trefftz profile at Re = 50, h = «w/10
ind with the mesh refinement V1 = V2 =1, géo
‘he boundary layer and the wake nearly coincide with the numerical boundary

=1, néo = w/4. We see that

.ayer and numerical wake. In point i = 3, j = 6 the boundary layer is about
'/YRe and in point i = 8, j = 4 the wake angle is about 6/VRe.

The figures 7.7, 7.8, 7.9 and 7.10 show the order of magnitude of Cg

ind c (6.7) in the different parts around the profile. c and c, are small
n the neighbourhood of the trailing edge, c is small in the numerical wake
mnd CE is small in the numerical boundary layer. It can be concluded that

'e have to take more mesh points to reduce the remaining ¢, and .

g

In the figures 7.11 and 7.12 the vorticity on the profile is given in
‘he neighbourhood of and far from the trailing edge respectively for Re = 50
nd h = /18,
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‘w

) 0.012 0.024 0.038 0,053 - 0,071 _ 0.09% 0.128 0.180

figure 7.11. Vorticity on KT profile at Re = 50 (h = n/18) N/
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0 0.252 0,334 0,417 0.500 0.583 0.667 0.750 0.833 0.917 |

>
n
Figure 7.12. Vorticity on KT profile at Re = 50(h="/18). /m
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CONCLUSIONS

The multigrid method MULGRI (with 9p-ILU, 9p prolongation and restric-
lon, Galerkin coarse grid approximation, 1 coarse grid correction, no
1wothing before and 1 smoothing step after correction) is fast and robust
\ the sense that is also works for the stationary Navier-Stokes equations
1 a cavity, around a cylinder and around a Karman-Trefftz profile, even
ith stretched coordinates and relatively large Reynolds numbers. For each
-oblem the number of multigrid iterations in each Newton step is indepen-
:nt of the mesh size h, the changes in the coefficients induced by the
swton iteration and the Reynolds number.

The combination incomplete LU-decomposition and Galerkin coarse grid
sproximation looks very promising. Especially the ILU smoother, which is
ised on the simultaneous solving of the w and ¥ equations, works very well.

Some coefficients in the coefficient matrix of the discretized system
f equations may be very large, for instance far from the profile in regions
sere the vorticity is nearly zero and in the neighbourhood of the trailing
ige of the Karman Trefftz profile (where the stream function is nearly zero).
ere, the coefficients have to be cut off.

We have shown that the artificial viscosities can be reduced by mesh

efinement in boundary layer and wake.
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IDIX A

Consic » nonlinear term r.

1,5%,5
P. . 0. .a. . B. .b. .
— 1,3 _ 1,3 1,3 _ 1,3 1,]
| .= ( 2. = Jw. .
| Re h. h. 1,]
1 J
erm o. W, . is linearized as follows:
1 [P
1+1 u+1 ~ H AT U U u
= (0. . + o. .Y. + da, .).
sJ l:J ( 1,] 1,JY19J aJ)( ’J 1’3)
+ dm? ) = aP .aP .wP .+ uH .ay .de .+
1,] 1,] 1,] 1,] 1,1 1,1 1,]
Wi .da¥ . o+ at .or Lalt, . .day . =
1,] 1,] 1, 1,] 1,3 1,] 1,]

+ +
at Lot Iy at Lo+ u'u Y- ah .)(a. wEl ah )

i’j i’j i’j is] l’J 1’J ’J i:j
; +
fore, mlinear term rh !w?+! becomes:
1,] 1,]
. . ab .al ., HopH
l+! = (plsJ _ 153 1,3 _ ’J 19J ) u+1
5] Re E h sJ
. i j
\
u u H u+1 u
a. . *+ a. . — a. .
( 1,] 3JY1’J 133) i,j i, 193)
h.
i
u T b* )M u+l u
b. - b. .
- (B i,] B i,] 1,J l,J) ,J( i,j 1,J) .
h.
]
ousl term ru *l wU+1 becomes:
& y i+1,j 1+1,] :
U U
P. . 1+
o (L] (*eg,30% 1,3y u+l
i+1,] Re ot 1+1,J
i
u 1 u u u+l u
I+a, . + a. .Y. .a. .)w. .(a; . - a. .
+ ( 1,] 1,371,3%1,37%1+1,5 %, 5 i,i .
2h.
A i
u+ : +1 . + .
erms r Htl u*l 1. and ! ! K+ are approximated

i-1,37 Ti,5+1%,5+1 0 Ti5-1%, 51




ime way.

?PENDIX B

Consider the NS-—equations in (u,v,p)-formulation:

r du ou op 1
— + Vo = - ==+ —
ox oy X Re xy
v ov__d 1
B.1) vt vs§-— 3y T Re lxy v
| L,
ox y
n a no-slip wall, the equations read :
3p _ I _ 13 _ 13w
3 Re Axy Y7 Re 3y (Axyw) Re 0y
B.2)
op _ 1 et N = -1 3w
3y Re Axy VT Re 3x (Axy¢) Re 9x

rom this it can be derived that on the cylinder:

9p _ =1 3w
B.3) an  Re 93¢

‘he total pressure force in x-direction is:

2T m
, = | 13w =22 | 2w gy
B.4) CP = { Re ot sin n dn - I 3t sin n dn.
0 0

'he skin friktion in a point on the cylinder is
‘B.5) T = —
he total skin friktion in x-direction is

TT .

, _ 2 .

!B.6) Cf = J w sin n dn.
0




2 for centre

op _ 1
X R

velocity u =

p(m) =

5 equations ¢

e trailing e

p(0) =

of the cylinder th quatio
uéi

9x

. The pressure in eading
Rl—e —g% - g—g)dg.

cylinder can be w as (B

the cylinder is:

m
1 dw
0

of the cylin

hus, the pre




